LARGE TIME EXISTENCE OF STRONG SOLUTIONS TO MICROPOLAR 
EQUATIONS IN CYLINDRICAL DOMAINS 
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Abstract. We examine the so-called micropolar equations in three dimensional cylindrical domains 
under Navier boundary conditions. These equations form a generalization of the ordinary incompress- 
ible Navier-Stokes model, taking the structure of the fluid into account. We prove that under certain 
smallness assumption on the rate of change of the initial data and the external data there exists a unique 
and strong solution for any finite time T. 



o 

CSj . 1. Introduction 

Micropolar equations, which were suggested and introduced by A. Eringen in 1966 (sec [Eri66J), are 
a significant step toward generalization of the standard Navier-Stokes model, which describes motion 
of viscous and incompressible fluid. By their very nature, the equations suggested by C.L. Navier and 
shortly afterward complemented and mathematically formalized by G.G. Stokes, do not take into account 
the structure of the media they describe, although it plays crucial role in modeling for some well-known 
fluids, e.g. animal blood or liquid crystals (see |Pop69[ rPRU74| l. The deviancy becomes highly apparent 
in microscales. 

In this wok we base on the model proposed by A. Eringen in |Eri66| . It takes into account that the 
molecules may rotate independently of the fluid rotation. Thus, the standard Navier-Stokes system is 

' complemented with another vector equation and the whole system of equations is given by 

> ' 



(1.1) 



V t t + v ■ Vu — (v + v r )Av + Vp = 2v r rot w + / in O* := Q x (to, t), 
divv = in f2', 



u> t + v ■ Vw — a Auj — /3V div u) + 4v r uj 
> . _ in fr, 

, = 2v r rot v + g 

where a = c a + Cd, /3 = cq + Cd — c a and the viscosity coefficients v, v r , cq, c a , Cd are constant and 
positive. The unknowns are the velocity field v = (v\(x, t), V2(x, t), Vs(x, t)) 6 K 3 , the microrotation field 
uj = (uji(x,t),uj2{x 7 t),uj 3 (x,t)) £ M 3 and the pressure p = p(x,t) 6 M 1 . 



To consider the above problem as initial-boundary we need to specify the domain, the boundary and 
the initial conditions. We shall now describe them in greater detail. 



The domain. To describe the domain ft consider a closed curve <p: M 2 — > R, ip(xi,X2) = const which 
is at least of class C 2 . We do not put any additional constraints on the properties or on the shape of tp. 
Note that if ip has a center of symmetry, then it is more natural to investigate problem (jl.ip in cylindrical 
coordinate system (r,<p,z) (see e.g. [WZ05J, Zaj09|). However, such an approach results in technical 
difficulties related to weighted spaces. 

Having p defined we define the domain 17 as a set 

{(xi,x 2 ) G M 2 : ip(xi,x 2 ) < c } x {.t 3 : - a < x 3 < a} , 

where the constant a > 0. It is clear that 17 is a finite and regular pipe placed alongside the X3-axis. 

The boundary dft will be denoted by S for convenience. This set is composed of two sets, Si and 5*2, 
S = Si U 52, where by Si we denote the side boundary and by 5*2 the top and the bottom of the cylinder. 
Thus 

Si = {i£l 3 : ip(xi,X2) = Co, —a<X3< a} 

and 

5*2 = {x <E M 3 : (p(xi,X2) < cq, £3 is equal either to —a or to a}. 
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We draw the distinction between Si and S2, because some boundary conditions to auxiliary problems 
will be expressed by significantly different formulas. 
By simple computation we immediately get 

n\ Sl = j^-rO.xi, </V 2> 0) nisi = -^j—A-9,x 2 , Wi,0) r 2 | Sl = (0,0, 1) 
(1.2) ( a\ 

n| Sa =fo,0,yJ n\ S2 = (1,0,0) T 2 | S2 = (0,1,0), 

where n, r^, i = 1,2, are the unit outward normal and the unit tangent vectors respectively. 

Let us now justify the choice of the domain. Since the problem of uniqueness (or regularity) of weak 
solutions for Navier-Stokes equations in three dimensions is open, several alternative approaches were 
taken. One of them is intensely focused upon search for such solutions that are close to two dimensional 
(see e.g. |RZ08| . |Zaj05| , |Zajll| ). It is also our case. Therefore, the solutions which are proved to exist, 
can be regarded as a slight perturbation of two dimensional micropolar flow along the perpendicular 
direction. This perturbation will be somehow measured by 5(t) (see (|2.2[0 , which we introduce later. We 
shall emphasize that since we only require the initial rate of change of the flow and microrotation, as well 
as the derivatives of the external data with respect to X3 to be small, the flow alongside the cylinder can 
be large, but close to constant. 

The boundary and initial conditions. We supplement system (|1.1[) with the boundary conditions of 
the form 

vn = on S*°° := S x (i ,t), 

rotu xn = on S 1 *, 

(1.3) 

v ' u = on St, 

w' = 0, uj 3iX3 =0 on Si, 

where n is the unit outward vector. 

Let us briefly justify our choice. Our proof of the existence of regular solutions to (jl.ip uses an estimate 
for the third component of the vorticity field (see Lemmas \8J5\ and 17^)]) which is equal to V2 lX \ ~vi,x 2 ■ 

Thus. 

the Dirichlet condition v = is not admissible because it does not provide any information concerning 
derivatives of v on the boundary. Therefore we decided to employ slip boundary condition rotu x n = 0, 
which was already considered by C.L. Navier in 1827 (and is often referred as the Navier boundary 
condition; see |Nav27| l and satisfies the relation (see Lemma [^75)l n-B(v)-T Q +2ft(2— a)(v-Ti) — rot vxn-T a , 
where n and t q , a € {1, 2}, denote the unit normal and tangent vectors and lB)(v) is a dilatation tensor 
equal to \ (Vi> + V^i>). The function k represents the curvature of S. From the physical point of view 
it may be interpreted as tangential "slip" velocity being proportional to tangential stress with a factor of 
proportionality depending only on the curvature (see e.g. [Kel06j, [CMR98J). 

Nevertheless, under Dirichlet condition it is still possible to prove the existence of regular solution 
by adopting different technique (see e.g. [BDRM10 ). From mathematical perspective, the boundary 
conditions which shall complement problem (ll.lj) have to provide the energy estimates. Although not for 
every available choice of these boundary conditions the existence of regular solutions has been proved, 
but it does not mean that such proofs will never appear. 

As for the initial data we simply put 

(1-4) v\ t =t = v(t ), w| t=to = u(t ) in O. 

2. Notation 

Before we formulate the main result let us shortly clarify the notation deployed throughout this work. 

The most frequently used notation in the sequel will be f2*, which denotes the product f2 x (to,t). 
Unless stated directly, we only assume that < to < t < 00. 

By c we denote a generic constant that may change from line to line. Additionally, such constants 
are subscripted with appropriate symbols, which indicate the dependence on the domain, embedding 
theorems, etc. The possible values are listed below: 

Ca,f3,v,v r - appears when the constant c depends on the viscosity coefficients, 
c/: refers to embedding theorems (e.g. iJ 1 (fi) > Lq(H)), 
Cp'. refers to the Poincare inequality, 

en: indicates the direct dependence on the geometry of the domain f2. 

Our motivation to keep the information which factors contribute to the constants is caused by the necessity 
of precise control of their dependence with respect to time. Time dependent constants would surely have 
a negative impact on the proof of global in time solutions. We do not say that such proof would not be 
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possible, but unquestionably much harder. Note also, that since the Poincare constant and the embedding 
constant depend on the domain, we could write SI instead of P and I every time they appear. We decided 
not to make such generalization in order to keep the passage from line to line readable and clear. 
Throughout this work we shall use the following notation to simplify the formulas: 

h = v jX3 , 9 = U) >X3 . 

In energy estimates the initial and the external data in L p -norms will appear. Therefore we introduce 
the following quantities to shorten formulas: 



E v . u (t) :- ||/|U 2 (to,t;L 6 (0)) + \\g\\L 2 (t ,t;L e (n)) + \\v(t ) || L 2 (f2) + ll^(*o) ||i 2 (n) i 

(2.1) 5 5 

Eh,e{t) ■— ||/,x 3 |U 2 (to,t;i6(n)) + \\9,x 3 \\L 2 (t ,t;Le(n)) + \\h(t ) ||i 2 (n) + p(*o)|U 2 (n)- 

The following function will be of particular interest 

(2.2) S(t) := ||/, a ,||i a(nt) + kz 3 llL(n*) + l|rotfc(to)||i a(n) + IW*o)||! 2 (n) + ll»(*o)lli a( n). 

This is the most important quantity since it expresses the smallness assumption which has to be made 
in order to prove the existence of global and regular solutions. It contains no L2-norms of the initial or 
the external data but only L2-norms of their derivatives alongside the axis of the pipe. In other words 
the data need not to be small but small must be their rate of change. 

Also note, that if we considered Navier-Stokes equations only and the external data were missing, h(to) 
had a gradient structure (i.e. h(to) — VA, A: M. 3 — > R; problem for h is demonstrated in Lemma f7.1[) . 
then S(t) would be equal to zero. Although h(to) in L2-norm appears it can be estimated by rot/i(io) 
(see Lemma r6.7p . The same would also hold for / )X3 with a gradient structure. 

From time to time we use the rotation of vector field. By rotF, where F : E 3 — > M. 3 , we denote 

rotF= [J 7 3,x 2 — F2,x 3 ,Fi, X3 — F 3yXl , F 2:Xl — -Fi,x 2 ]- 

To define certain functions spaces that will be used frequently in the sequel we simply follow [Luk99 ( 
Ch. 3, §1.1], |LSU671 Ch. 2, §3] and |Tem79l Ch. 1, §1.1]: 

• L p (il) is the set of all Lebesgue measurable function u: fl — >• M™ with the norm 



• W™(£1), where m G N, p > 1, is the closure of C°°(fi) in the norm 




• H k (tt), where k <E N, is simply W^^l), 

• W / p' 1 (^*)j where p > 1, is the closure of C°°(f2 x (t ,ti)) in the norm 

IMIw^Cn') = Jju, xx (x,s)\ p + \u, x (x,s)\ p + \u(x,s)\ p + \u, t (x,s)\ p dxdsj , 

• H£(Q) is the closure of Cg°(Sl) in the norm 

n«iifl3(n) - (jjvu(x)\ 2 d x y , 

• L q (tQ, ti; A), where q > 1 and A is a Banach space, is the set of all strongly measurable functions 
defined on the interval [to^i] with values in A with finite norm defined by 



where 1 < p < oo and by 



MU,( to ,t i; x) = ^ ||w(s)||^ds^ 



\\u\\ Loo {toM;X) = esssup||u(s)||x, 



for q — oo. 

• V2 fc (Jl*), where k G N, is the closure of C°°(Q x (t ,h)) in the norm 

ti \ V2 



u \\v k (nt) = esssup||«|| Hfe(n) + ( f \\Vu\\ 2 Hk(Q) dt) 
te(to,*i) \Jto J 
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3. Weak and strong solutions 

Definition 3.1. Let v(to) G £2(0) and a; (to) G 1/2(0). By a weak solution to problem (jl.ip comple- 
mented with the boundary conditions (ll.3[) we mean a pair of functions (v,u>) such that v,u> G V 2 °(O t:l ) 
(for definition of (O* ) see Section [5]) and divu = 0, v ■ n\s = 0, which satisfies the integral identities 

(3.1a) / ( — v ■ (pj + {y + Vr) rot v ■ rot <p + (w • V)u • <p) dxdt 



in Jn 
for any ip G iJ 1 (SI* 1 ) such that div ip = 0, <p ■ n — and 



+ / v-ip\ t=tl dx- / w • ip\t=t dx = / (2^ r rotw • ip + f ■ ip) dx dt 
Jn Jn Jn*i 



(3.1b) / ( - u ■ ip, t + aVuj ■ Vip + /3 div u; div?/; + (v ■ V)cj • ip + \v r uj ■ ip) dxdt 



+ / u) ■ ip\t—ti dx — / uj ■ ip\t=t dx — / [2v r rot v ■ ip + g • ip) dx dt 
Jn Jn Jn*i 

for any ip G if 1 (SI* 1 ) such that ip\s\ = and ip'\s 2 — 0, ip3,x 3 \s 2 = 0- 

The existence of weak solutions is assured by the following result: 

Lemma 3.2. There exist at least one weak solution to problem (jl.ip in the sense of the above definition. 

Proof. The proof is quite standard and is based on Galerkin approximations, a priori estimates (see 
Lemma ISTTj) and compactness method. It can be found in [RMB98J for general case or in [Luk99, Ch. 4, 
Theorem 1.6.1], [LukOll Theorem 2.1]. □ 

For the strong (or regular) solutions there are various definitions, which are equivalent. For our 
purposes we will use the following 

Definition 3.3. By a strong (or regular) solution to problem (jl.ip we mean a pair of functions (v,lu) 
such that (v,u) G V^O* 1 ) x V^O* 1 ) (for the definition of V^fju!*) see Section© satisfying (jBTTaj) and 

4. Main result 

Our main result is to demonstrate that under certain conditions there exists a unique solution to 
problem (jl.ip for any t such that < t < T < oo. 

Theorem 1 (large time existence). Let E VyUJ (t) < oo, Eh.e(t) < oo. Suppose that v(to),uj(to) G if 1 (17), 
f,g G £2(0 ). Finally, assume that fa\s 2 — 0, g'\s 2 = 0- Then, for 5(t) sufficiently small there exists a 
unique solution (y, uj) G W 2 ' (J2 ) x W2 ' (SI 4 ) to problem (jl.ip supplemented with the boundary conditions 
(|1.3p smc/i t/iai 

IMIiv^cn*) + l|Vp||i 2 (n«) < Ca^^j^o/i^wC*) + E h ^(t) + \\f\\ L2 (n*) + ||«(*o)||ffi(n) + l) 

awe? 

IMIw^cn*) < c atV!VriIt p t n[E VtUJ {t) + E h<6 (t) + ||/'||l 2 (o') + IMUaCn*) 

+ IKMIIffMn) + ||w(to)||Hi(n) + l 

Let us briefly outline how we prove the above theorem: The beginning point is the energy estimate 
for solutions to problem (jl.ip on the time interval [to,ti]. It ensures the existence of weak solutions 
( |Luk99l Ch. 3, Theorem 1.6.1], [LukOll Theorem 2.1] or in general case: |RMB98p . In the next step we 
introduce several auxiliary problems which provide us with better estimates for v and uj but for the price 
of some smallness assumption on the rate of the change of the data (see (j2.2p ). Finally, the application of 
regullarity results for the Stokes system (see |Ala05| ) and general parabolic systems (see |Sol65| ) leads to 
considerable improvement in the regularity of weak solutions. Next we utilize the Leray-Schauder fixed 
point theorem (see Lemma 16. 3p to prove the existence of strong solution. Finally, we demonstrate its 
uniqueness. 



STRONG SOLUTIONS TO MICROPOLAR EQUATIONS 



5 



5. State of the art 

Since the 70' dozens of results concerning the existence of weak or strong solutions, various condi- 
tional regularity criteria or qualitative properties of solutions, also for a generalized system, the so-called 
magncto-micropolar, are known. For a comprehensive summary we refer the reader to |Luk99[ Ch. 3, 
§5]. However, let us shortly outline these results which are closely related to our work. 

One of the earliest results was established by Galdi and Rionero in[GR77] where they stated the the 
boundary value problem with Dirichlet boundary conditions for micropolar flows belongs to the same class 
of evolution problems as Navier-Stokes equations. Therefore they were also able to formulate existence 
results for the micropolar equations which are similar to those obtained for the Navier-Stokes. The 
direct proofs of the existence and uniqueness of (global) strong solutions to (jl.ip under the zero Dirichlet 
boundary conditions came later and were obtained by Lukaszewicz in [Luk89j. He needed sufficiently 
large v and small data in comparison to v. 

In [OTRM97J Ortega- Torres and Rojas-Medar showed that under certain smallness assumption on the 
initial and external data there exists a unique, global and strong solution to problem (jl.ip (in fact they 
considered the magneto-microhydrodynamic equations, but we can safely put the magnetic field b to be 
equal to zero which yields problem ) . In contrast to |Luk89| they no longer assumed a decay for the 
external data as times goes to the inifinity. 

A couple of years later the same authors proved (see [RMOT05J) again the existence and uniqueness of 
strong solutions to (jl.ip complemented with zero Dirichlet boundary conditions both for v and u). Their 
new proof used an interactive approach and required certain smallness of L2-norms of the external data 
and absence of the initial data. 

Subsequently, Yamaguchi (see |Yam05| ) proved the existence of global and strong solutions to (jl.ip 
in bounded domains under zero Dirichlet boundary conditions. His proof is based on the semi-group 
approach and requires some smallness of the data. 

By application of iterative scheme, Boldrini, Duran and Rojas-Medar proved (see [BDRM10 ) the 
existence of local strong solutions (v, ui) £ W 2 ' 1 ^ 1 ) x W^ ,:L (f2*), p > 3, to problem (jl.ip complemented 
with zero Dirichlet boundary conditions for both v and u) in bounded and unbounded domains in R 3 with 
compact C 2 -boundaries. 

To the best of our knowledge there are no results which are close to 2d solutions to (jl.ip which would 
justify the choice of domains of cylindrical type. It is also clear that most authors considers only the 
homogeneous Dirichlet boundary condition both for v and u>. Therefore it makes us a case for this detailed 
study. 

What needs to be particularly emphasized is the fact that in our work we do not assume any smallness 
on the initial or external data. Their L2-norms can be large. However, the data cannot change significantly 
alongside the cylinder. Their derivatives in the ^-directions must remain small all the time. Therefore 
the flow is somehow close to the constant with respect to one variable. 

Note also that cylindrical domains or boundary conditions were considered for the standard Navier- 
Stokes equations (for a comprehensive summary we refer the reader to the Introduction in |Zajll| ). 

6. Auxiliary results 

Lemma 6.1 (Embedding theorem). Let Q satisfy the cone condition and let q > p. Set 

K = 2 — 2r — s — 5 ( - — -) > 0. 

Then for any function u £ W p 2,1 (fl t ) the inequality 

||d[D>|U g(nt) < c^\\u\\ w ^ {nt) +c 2 e-*+ 2s - 2 \\u\\ Lp(nt) 

holds, where the constants c\ and ci depend only on p, q, r, s and but do not depend on t. 

For the proof of the lemma we refer the reader to [LSU67, Ch.2, §3, Lemma 3.3]. As before, we lay 
emphasis on the fact that the constant c\ and C2 do not depend on time. 

Lemma 6.2. Suppose that u £ ^°(f2*). Then u £ L q (0, t; L p (f2)) and 

\\ u \\L q (t ,t:L p (n)) < Cp,i\\ u \\v°(a*) 

holds under the condition - + - = §, 2<p<6. 

Let us emphasize that the constant that appears on the right-hand side does not depend on time. 

Proof. We want to show that 

\\u\\L g (t ,t;L p (n)) < Cp,q,I (|MU 2 (t ,t;fri(fi)) + \\u\\ Loo ( to ,t;L 2 (n))) ■ 
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For Lp-spaces we have the interpolation inequality 

IMkoi) < \M 6 Lr w\H)-° n) , 

where s < p < r and ^ = ^ + -^p. Integrating with respect to time yields 

i i 
\\u\\ Lq(t0 , tl ; Lpm = (Jju(T)\\l r(a) dry < (/Vwilt^ll^WllS^dry 

< sup [[«(r)||i rCtl) f /VWIIS^T 
T-e(t ,*i) \-/to 

Using the Young inequality gives 

i 

l|u|U,(t ,* i £ p (n)) < 6 sup ||u(r)|| Mn) + (l-fl)f / \\u(T)\\f ~I> dr 

T£(t ,t) \Jto 

Next we set r = 2, s = 6 and g(l - 0) = 2. Then I = | + i=i = and finally 

3 2 l + 26» ,„ „, l + 26> + 2-2<9 3 

- + - = h (1 - 0) = = -. 

p q 2 V ' 2 2 

For p =2, q = oo or p = 6, q = 2 the estimate follows immediately from definition of the space (O*). 
This ends the proof. □ 

Lemma 6.3 (Leray-Schauder fixed point principle). Let X denote a Banach space. Suppose that $: X x 
[0,1] — > X satisfies the following conditions: 

• for any fixed A G [0, 1] the mapping $(•, A) : X — > X is continuous, 

• for any fixed x G X the mapping <fr(x, •) : [0, 1] — > X is uniformly continuous, 

• there exists a bounded subset A C X such that every fixed point of the mapping $(•, A) : X — > X 
for any choice of A G [0,1] belongs to A, 

• the mapping <&(-,0) has only one fixed point. 

Then, <&(•, 1) has at least one fixed point. 

Proof. For the proof we refer the reader to |DH82| . □ 

In further considerations we will often integrate by parts. To avoid repetition of some calculations, we 
shall demonstrate the most general case in the below Lemma: 

Lemma 6.4 (On integration by parts). Let u and w belong to H 1 ^). Then 

rot u ■ wdx = / rot w • udx + / u x n ■ w dS 



n 

rot w ■ udx — / w x n ■ u dS 
n Js 

Proof. It is an easy computation. □ 

Lemma 6.5. Let n andl}(v) denote the curvature of the boundary S and dilatation tensor, i.e. D(w) = 
^ (Vv + V ^v), respectively. Then 

n • lD)(v) • r a + k(2 — a)v • T\ = rotv x n ■ T a 

holds on S, where T a , a G {1,2} is a tangent vector. 
Proof. We have 

, . 1 ^-^ / dvj dvi \ 1 v—* ( dvj dvi \ s—^ dvi 

n ■ D(v) . Ta = -^n i [— + — )r aj = -^n i [ — - — )r aj + ^n i —T aj =:h+I 2 . 



2 4-^ V dxi dxj I 2 ' V dxi dxj I 4-^ dxj 

l -3 l -J l}3 

Clearly 

I± = rot v x n ■ T a . 

2 

For I2 we have 

\ - / dln^i) dn,i \ x - dm 
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Since n\s 2 = [0,0, 1], we obtain i2,|s 2 = 0- On Si we use (|1.2[) . We see that n does not depend on x 3 , 
which implies that i,j G {1,2} and a = 1. By simple computation we get 

12 ( - ^XlX^Zs + <P,X 1 X 2 l P,X 1 ,-tP,X 1 X2 l P,X2 + f ,X 2 X 2 V ,X t , 0) ■ 



Edrii 



1,3 



\V<p\ 



We can express v in the basis n, t\, t 2 as follows: 

v = (v ■ n)n + (v ■ ti)ti + (v ■ t 2 )t 2 . 

Since v • n\s = 0, we get 

(v • n) 



/a = 



^i 2 - 2^ 



For a curve given in an implicit form, i.e. by ip{xi, x 2 ) — c, the curvature is defined as 

i P,x 1 x 1 ( f,x 1 x 2 V ,x\ 

i P,X 2 X 1 l ~P,X 2 X2 l P,X 2 
<P,X 1 f,X 2 



Thus, 



J 2 = -k(« • n), 



which ends the proof. 

Lemma 6.6 (Boundary conditions on S 2 ). Let (11.311 &e satisfied. Then 

(a) V3|s 2 = > "3,x 1 |s 3 = 0, -y 3 , K2 |s 2 =0, 
(6) (rotw)'| S2 = 0, X,x 3 \s 2 = 0, 
(c) /i'|s 2 = 0, h 3yX3 \s 2 = 0, 

where (rotw)' = ((rot (rot v) 2 , 0), ft/ = (hi,h 2 ,0). 

Proof. As immediate consequence of (jl .3f) i 9 we get 

v ■ n\s 2 = v 3 \s 2 = =>■ v 3yXl \ S2 =0 and V3,z 2 |s 2 =0 

and 

"3,x 2 - v 2 ,x 3 = (rotw)i|s 2 = 



rotw x n\s 2 = <^> 



This yields 



Vi, X3 ~ v 3 , Xl = (rotw) 2 |s 2 = 

X,X 3 \S 2 = "2,XiI 3 - V 1,X 2 X 3 \S 2 = 0- 



Vl,x 3 \s 2 = v 2,x 3 \S 2 = 0- 



and from div h = we have 

V 3 ,x 3 x 3 \s 2 = —Vl,x 3 xi - V2,x 3 x 2 \s 2 =0 

This ends the proof. 
Lemma 6.7. Suppose that 



l 3,x 3 \S, 



= 0. 



□ 



□ 



rot u — a in SI, 
div u = f3 in 
with either u ■ n\s = or u x n\s = 0. Then 

\\u\\h"+ 1 (q) < cn{\\u\\ H k(n) + \\P\\h>°((i))- 

Proof. For the proof we refer the reader to |DL721 Ch. 7, Thm. 6.1] (case k = 0) and |Sol73| (case 
k £ N). In the latter general overdetermined elliptic systems were examined. In particular, the case of 
tangent components of u was considered. □ 

Lemma 6.8. Let a and j3 be positive constants. Let us define the operator L by the formula 

3 

L = -aA - /3Vdiv = ^ a ij d 3 d x . 



Next, consider the problem 



Lu = f in tt, 

u = on Si, 

u' = 0, 1*3^3 =0 on S 2 . 
Then L is uniformly elliptic and for any f G L 2 (VL) the estimate 

\\u\\n*{n) < Ca^,n||/||i a (n) 
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holds. 

Proof. First we check the ellipticity. It means that there should exist a constant 9 > such that 

i,j'=l 

for all £ € K 3 . In other words we want to demonstrate that the symmetric matrix A = (a IJ ) of the form 

'a + /3 p f3 

13 a + /3 /3 
(3 (3 a + (3 

which corresponds to the operator L, is positive definite and its smallest eigenvalue is greater than 9. To 
compute its eigenvalues we solve the equation (det A — i Id) — with respect to t. We see that 

detA-iId= (a + /3 - t) 3 + 2/3 3 - i(3 2 {a + f3) = (a + /3 - t) 3 - /3 3 - 3a/3 2 = /(*). 

Since 

/'(*) = -3{a + f3-t) 2 < 

we immediately deduce that / is decreasing. Therefore there exists only one t* such that fit*) = 0. 
Since /(0) = (a + /3) 3 - f3 3 - 3a/3 2 = a 3 + 3a 2 /3 > we infer that t* > 0. This implies that the smallest 
eigenvalue of the matrix A is positive. Hence the operator L is uniformly elliptic. 

To prove the estimate we proceed in a standard way. First, we introduce a partition of unity 
SfeLo Ckix 3 ) — 1 on SI. Let us denote u = uQk- For fixed k four cases may occur: 

1. suppCfc n S = 0.: In this case we deal with the problem in the whole space 

Lu = f+ [0, 0, 2aVu 3 ■ V( k + au 3 A( k } + /30fe,x 3 Vw 3 =: F k in supp ( k n SI, 
u = on d (supp Cfc (~l St). 

From the classical theory (see |LM681 Ch.2, §3.2, Thm. 3.1]) it follows that 

(6-1) ||w||jj2( SU pp^ n n) < co (||-Ffe||i 2 ( S uppann) + ||«||.ffi(suppCknfi)) • 

2. suppCfc n Sx 0, suppCfc n S2 = 0.: Since u\s 1 = we obtain that u|d( SU ppCknn) = 0. Next, we 
transform the set supp Ck H Q into the half-space and apply the result from classical theory for 
the half-space (see [LM68I Ch. 2, §4.5, Thm. 4.3]), which finally gives (|6.ip . For the meticulous 
details we refer the reader to the proof of Theorem 5.1 in [LM68, Ch. 2, §5.1]. 

3. supp Cfe H Si 7^ 0, supp Cfc H 52 7^ 0.: Let us recall that u'\s 2 = and u 3:X3 \s 2 = 0- Thus u'\s 2 = 
and U3^ X3 \s 2 = U3Ck,x 3 — 0, which follows from the fact that Ck = Ck(x 3 ). It allows us to reflect 
the function u outside the cylinder according to the formula 



)u(x) x 3 e supp Ck n Si, 

(u'(x), -u 3 (x)) x 3 < -a, 
(u'(x), -u 3 {x)) x 3 > a, 

where x = {x' , —2a — x 3 ) and x — (a;', 2a — x 3 ). Note that u|a(suppC fc nn) = 0: so we may proceed 
as in Case 2. 

4. supp Cfe n Si = 0, supp Ck H 52 7^ 0.: This case does not differ from the previous one in any major 
way. We also reflect the function u as described above and proceed as in Case 2. 
Summing over k yields 

N N 

IMIiP(fi) < Ell M ^H ff2 ( f2 ) - Cn E (II^Hm") + IKfclU^n)) < c a,0.n (ll/IU 2 (n) + \\Am(n)) ■ 

k=l fc=l 

It remains to eliminate the last term on the right-hand side. We shall prove that the inequality 
II-^^IIl^o) — H/Hwn) > c n||w||^fi(n) holds. Conversely, suppose that it is not true. Then there would 
exist sequences ui in H 1 (Sl) and fi in £2^) such that 

Lui = fi in Q, 

ui = on Si, 

u\ = 0, u 3}X3 = on 5 2 
and ||u;||hi(o) > i||/i||i 2 (n)- Let us define vi = || Ml ||^ 1(n) ■ Then 



K^Z L 2 (f2) = -n — ji - ii — n S 7. 
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From the above inequality we see that vi is bounded in H 2 {VL). The Rcllich-Kondrachov Compactness 
Theorem implies that there exist a subsequence Vi k which converges strongly in H 1 ^!) to some element 
v. Thus 

(v h ^v mH 2 (n), 
\v h ^v mH\n). 
On the other hand we see that for every <f> £ C^°(fl) 

v ■ <t>,xix } da: = lim / v lk ■ <f>, XiXj dx = lim / v l * -<f>dx = 0, 

whereas ||w/||H 1 (r2) = lj which is a contradiction. □ 
Lemma 6.9. Let us denote Q — Q x (to,t). Consider the following initial-boundary value problem 

u t t — aAu — /3 V div u — F in Q , 

u = on Si, 

(6.2) 

u = 0, U3.x 3 = on S 2 , 

u\ t=to =u(t ) onClx{t = t }, 

where a and fj are positive constants. Assume that F £ L p (0*). Then there exist a unique solution u 
such that u £ W^' x (f2*) and 



\AwZ x (W) ^ c " ( \\ F h p (n) + IK*o)ll 2-| / v J 



Proof. Let us introduce a partition of unity 2fc=i Ck(%3) = 1 and denote it = u£fc. Then we can repeat 
the considerations from the proof of previous Lemma (Lemma 16. 8|) . However, there is a slight difference: 

1. suppCfe fl 5 = 0.: In this case we have 

u t + Lu = F + [0, 0, 2Vu 3 • VCfe + u 3 A( k ] =: F k in suppCfe n Q, 

u — on d (supp Cfc Dfi), 

which is seen as the problem in the whole space. From [Sol65, Thm. 1.1] it follows that 

( 6 - 3 ) H^llw'-^mippCknn*) ( |]-Ffc]U,C»uppC*nn*) + ||«(*o)|| »-* ^ 

Originally, the constant which appears on the right-hand side may depend on time. However, since we 
have the energy estimates for solutions to (|6.2D . we can utilize |vW85| to exclude the time dependence 
of the constant. The remaining cases are reduced to the ones presented in Lemma 16.81 analogously: we 
consider three cases when the supports of the cut-off functions touch the boundary and reduce every 
case to the problem in the half-space. Then we utilize Theorem 5.5 from |Sol65| to obtain (|6.3p but in 
the half space. Summing over k yields 



IMIw^mM ^ c ^ \\ F \\L p (nt) + IMlM*o,ti;W2(n)) + H*o)ll 2-% 
p \ p w v p (n) 

To eliminate the second term on the right-hand side we use the energy estimate for solutions to (|6.2p . 
This ends the proof. □ 

Remark 6.10. In the above proof we omitted certain details related to the estimates in the half space. In 
subsequent considerations they will also be omitted. We refer the interested reader to |Sol65, §6, proofs 
of Theorems 1.1 and 1.2]. 

It is worth mentioning that an alternative approach was presented in |BZ971 §3]. 

Lemma 6.11. Consider the Stokes problem 

v, t - (v + u r )Av + Vp = F inn*, 

div v = mil', 

(6.4) vn = onS\ 

rot v x n = on S* , 

v\ t =t = v(t ) on fix {t= t Q }. 
If F £ L p (n) then there exist a solution to the above problem such that v £ Wp' (fi*) and the estimate 

\\ v Wwy(&) + \\VPhp(n*) < cn [ \\F\\ L {n} + \\v(t )\\ 2 _2 
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holds. 

Proof. For the proof we refer the reader to |Ala05| . However, few remarks are required. The cited article 

is concerned with domains whose boundaries belong to W p p which imposes a fundamental limitation 
on p — it cannot be smaller or equal to dimension d of the space (d = 3 in our case). However, we would 
like to set p = 2. Since p is strongly related to the regularity of the boundary, we should assume that 
SeC 2 . Then p > 1 (for a closer correspondence between the regularity class of S and p see |Ala051 p. 
217, the first paragraph]). Note, that at least the Holder continuity of the first derivative of u is necessary 
to justify the calculations that appear. 

The boundary of the domain under consideration in this thesis has corners, thus it does not belong to 
C 2 class. However, we may locally reflect the interior of the cylinder with respect to the planes x$ = ±a 
(similarly as in proof of Lemma l6.8[) . which leads to two different cases, depending whether we are near 
to Si or not. In the first case we would deal, after straightening Si, with the model problem in the half 
space, as it was demonstrated in |Ala05l Sec. 3]. In the second case we would consider a model problem 
in the whole space. 

The above presented approach has a major drawback. The estimates obtained contain constants that 
depend on time (see |Ala051 Sec. 4]). But we have the energy estimates for solutions to (|6.4[l and therefore 
the application of the result from [vW85j implies that the constants are time independent. 

The last comment we make concerns the boundary conditions. In this thesis we use the Navier condition 
for the velocity field, whereas in |Ala05j some more general condition was adopted, i.e. 

(6.5) n ■ O(v) • Ti + 7« • r, = 6j. 

The vectors n and t% denote the normal outward and the tangent vectors to the boundary. By J}(v) 
a dilatation tensor (i.e. | (Vv + V~ L u)) is understood. The positive constant 7 represents the friction. 
Thus, (|6.5I) describes the perfect slip with friction. On the other hand we know (see Lemma |6~5]) that if 7 
denoted the curvature of the boundary then the left hand-side in (|6 . 5[) would be equal to — ~ (rot v x n) ■ r a , 
which in our case would have implied that 6^ = 0. 

Since we assume that Si G C 2 , i G {1, 2}, the curvature is a smooth function. In the proof presented in 
[Ala05] the constant 7 was set to 1 without the loss of generality which in case of our boundary conditions 
corresponds to the domain of circular cross-section, whose radius is equal to 1. But as long as 7 remains 
a smooth function the whole proof can repeated without any significant difficulties. 

□ 



7. Auxiliary problems 
Lemma 7.1. Let v, 9 and f tX3 be given. Then the pair (h,q) is a solution to the problem 

hj -(v + v r )£\h + Vq = -v ■ Vh - h ■ Vw + 2v r rot 9 + f. X3 in ft*, 

div h = in ft*, 

(7.1) rot/ixn = 0, h-n = on S{, 

h' = 0, ^3,23 =0 on 5*2, 

h\ t =t a = h(t ) in fl 

Proof. Equations (|7.1l) i 3 follow directly from (|l.l|) i q by differentiating with respect to H3. In the same 
way we obtain the boundary condition (|7.ip ^ from (|1.3|) ^ because X3 is the tangent direction. The 
condition (17.10 4 was proved in Lemma TO-Of c). The initial condition (|7.1[) r follows from (|1.4p . □ 

Remark 7.2. For the function h from lemma above the Poincare inequality holds. Since h' vanishes on 
S2 we only need to check if the integral of /13 over f2 equals zero. We have 

/ /13 dx = / V3 jX3 dx = I V3 dx' — I V3 dx' = 0. 

Jn Jn Js 2 (x 3 =-a) JS 2 (x 3 =a) 

Lemma 7.3. Let h, uj, g' and g^ X3 be given. Then the function 9 is solution to the problem 

d lt - aA9 - div 9 + 4u r 9 = -h ■ Vw - v ■ V6> + 2u r rot h + g <X3 in fl\ 

9 = on Si, 

(7-2) 1 

a n a' _ x J at 



= 0, 0' >X3 = —g' on S f 2 

a 

\t=t = 0(to) in fl. 
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Proof. Equation (|7.2|) i follows directly from (JTTT])2 by differentiating along x 3 direction. Analogously, we 
compute the boundary condition (|7.2p 9. because x 3 is the tangent direction. 
To prove (|7.2[K we take two first components of (|f.f [) ? 

U)' tt +V- Vw' - aA'u)' - udl 3X3 Lo' - (3V divw + iv r w' = 2^ r (rot v)' + g' 

and project them onto 5*2. From Lemma l6.6l we deduce immediately that 



in ri* , 



- a0 [x 3 \s 2 = 9'\s 2 - 

The initial condition ([?T2")U follows from (fl~4")l . □ 

Remark 7.4. Let us notice that for 9 the Poincare inequality holds. For #3, which vanishes on S 2 it is 
obvious. For 9' we simply calculate the mean value: 

' dx = [ uj' X3 dx= [ J dx' - I J dx' = 0, 

n Jn ' Js 2 (x 3 =-a) Js 2 (x 3 =a) 

which follows from (|1.3[ U. 

Lemma 7.5. Let v, h, ui and F 3 be given. Then the function \ * s solution to the following set of 
equations: 

X,t +v ■ Vx - h 3 x + h 2 v 3 . Xl - hiV 3jX2 - (1/ + v r )Ax 

= F 3 + 2v r ((rotcj) 2 ,x 1 - (rotcj)i j22 ) 

(7.3) X = on S{, 

X, X3 = on S\, 

X\t=t = x(*o) in 

Proof. To deduce (|7.3[) i we simply differentiate (jl.Ilh with respect to x±, subtract it from differ- 
entiated with respect to x 2 and take the third component. 
To get ([721)2 we multiply (Qjjh by n (see (H3) 1). It yields 

(rotw x n) ■ n = rotu • t 2 — <^4> ^2,2:1 — ^1,2:2 = 0. 

The condition (|7.3[U was derived in Lemma r6.6f bl. The initial condition (|7.3[) zi follows from ljl.4|) in 
the same manner as f)7.3[) i from (|l.l[h . □ 

8. Energy estimates 

The prime goal of this Section is to establish certain basic energy estimates, we formulate three lemmas. 
The first one presents an estimate for the velocity and microrotation fields (see Lemma l8.1[) in V^fi*) 
space. In the second we derive estimates for the functions h and 9 (see Lemma 18. 4[) and in the third 
for the function \ ( see Lemma 18.61) . Unlike for the functions v and uj, the inequalities for h, uj and \ 
in V5 j (Q*) contain on the right-hand side a term which is a priori unknown and cannot be estimated 
by the data. This term, i.e. ||^||.L <X) (to,ti;.L3(fi))> wu l therefore appear every time we make use of these 
inequalities. It will be particularly visible in the subsequent Section, where we pay attention to higher 
order derivatives of the functions v, h and uj. Finally, it will be absorbed by the left-hand side but at the 
cost of a smallness assumption. As a consequence we shall get an estimate for v and ui in W 2 ' (ft*) space 
in terms of the data only. 

The below Lemma demonstrates the estimate for the functions v and uj. 

Lemma 8.1. Let E v ^(t) < 00 hold (see (I2.fl) i ). Then for any to < t < t\ we have 

IMIv°(Q*) + IMIvJ(fi*) < C a . v j^E v .uj{t). 

Proof. First, recall that -qAw = a rot rot uj — aVdivw. Thus, multiplying (|l.l[h by v, (|l.ip 9 by uj, 
integrating over ft and utilizing Lemma 16.41 yields 

Mlwo) + ( v + z / r)ll r °t v IIl 2 (o) + ( V + V r) [ totv X n ■ v dS = 2v r [ rot UJ ■ v dx + f f-vdx, 



I d 

2dt 



s Jn Jn 



^ — IMlLrm + a \\ TOtu} \\'l 2( m -a I uj x n- rot udS + (a + (3)\\divuj\\l 2(n) + 4v r I dx 

s Jn 

= 2v r I rot v ■ uj dx + / g ■ uj dx. 
Jn Jn 
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Observe that the term with the pressure vanished due to divu = and v ■ n\s = 0. Because of (|1.3p 9 ^ a 
the boundary integrals above are equal to zero. Adding both equalities and utilizing Lemma 16.41 again 
gives 

5^IMlL(n) + 5^IMl! 2 (n) + (" + *'r)||rotv||| a(n) 

+ a||roto;||| 2(n) + (a + ^)||diva;||| 2(n) +4j/ r / cu 2 dx 

— Av r I rot v ■ u> dx + / ui x n ■ v dS + / / • v dx + / g ■ ui dx. 



By the means of the Holder and the Young inequalities with e we can estimate the right hand side in the 
following way 

Av r I rot v ■ uj dx + / f ■ v dx + / g ■ ui dx 
Jn Jn Jn 

< 4^e 1 ||rot U ||| 2(n) + ^\n\ 2 L2{n) +e 2 ||w||| e( n) + 7-||/lli 6 (n) 

Taking now ei = j, €2 = ^rf, and e 3 = where the constant a comes from the imbedding <^-> 
Le(fl), and using Lemma 16.71 we see that 



Hl 2 (n) + ^IMIl 2 (n) + — IMimn) + — M\bHO) ^ ~ 11/ 
Integrating with respect to time on (to,t) yields 

ll u llv 2 °(n*) + IMIv 2 °(n*) 

! f Cj Cj 

' T TT ^ll/llL(to,tiL f (n» + — lblL 2 (t 0lt;if (Q)) 



iin 



+ ll«(*o)lli a (n) + l|w(*o)ll2,(n) 
This completes the proof. □ 

In the second Lemma in this Section we are looking for an estimate for h and 9. As mentioned, 
we obtain only inequality with an a priori unknown term on the right-hand side, which is assumed to 
be finite. At this stage we are not provided with any appropriate means to control that term, thereby 
postponing its estimation till more conclusive results are derived (see Lemma 19. II in the next Section). 

Before we formulate Lemma, let us state the following remarks: 

Remark 8.2. Observe that q\s 2 = f3\s 2 - 

Indeed, taking the third component of (jl.ll) . projecting it into S2 and using Lemma 16.61 gives 

<l\s 2 = -u • Vu • n\s 2 + h\s 2 + 2^ r roto; ■ n\s 2 = f 3 \s 2 - 

Remark 8.3. We will prove that 

< cn\\ioth\\ H k {n} . 
To this end, let us first consider the following problem 

rot h = a in f2, 
div h — in Q, 
h ■ n — on Si , 
h x n = on S%. 

Introduce a partition of unity Ylk=i Cfc (^3) — !■ If we denote h — /iCfc, then the above system becomes 

rot h = a + [-h 2 (k,x 3 , ^iCfe,x 3 , 0] in supp Cfc n ft, 

div h = h 3 Ck,x 3 in supp Cfc n fl, 

h ■ n = on supp (j, (1 Si, 

h x n = on supp Cfc H S2 ■ 

Next, we perform similar computations as we did in proof of Lemma l6~ 
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Lemma 8.4. Let E VtU] (t) < oo and Eh.e(t) < oo. Additionally, let g'\s 2 — 0, /3|s 2 = 0. Finally, assume 
that \\h\\ Loo (t 0;t . L3 (p.)) < oo. Then 

ll^llv°(Q*) + ll^llv a °(n*) < c a,v,i,a (E VtU (t)\\h\\ Loo ( t0it . iL3 ^ + E h ,e{t)) ■ 

Note, that the conditions g'\s 2 — and fs\s 2 = can be dropped, but then we would have to deal with 
two non-trivial boundary integrals on S^- We would be even capable to estimate them in suitable norms 
by application of the extension and the interpolation theorems, which would result in the appearance of 
the term ci[\\h\\ 2 L ^ nt ^ + H^H^n*)) 011 the right-hand side. But we should not forget that the presented 
lemma serves only a supporting role in the proof of global existence of regular solutions to problem (jl.lD . 
Since we have no control over the magnitude of ci we would encounter insurmountable difficulties in 
further considerations (see the proof of Lemma l97Lj) . 



Proof. Multiplying (|7.ip i and (|7.2|h by h and 9 respectively and integrating over ft yields 

(8.1) -— f h 2 dx-{v + v r ) [ Ah- hdx = 
2 dt J n J n 

— / Vq ■ hdx — / v ■ V/i • hdx — / h ■ Vu ■ hdx + 2v r I rot 6 ■ hdx + / f. X3 ■ h dx 
Jn Jn Jn Jn Jn 



and 



(8.2) ~- [ 6 2 dx-a [ A0-edx-/3 [ V div 6 ■ 9 dx + Av r [ 9 2 dx 
2 dt Jn Jn Jq J n 

h ■ Vw • 9 - I v ■ V0 ■ 6 dx + 2v r \ rot h ■ 9 dx + / g <X3 ■ 9 dx. 



Consider first the terms containing the Laplace operator. From Lemma 15^41 it follows that 

— / Ah- hdx = / rot rot h ■ h dx = / \roth\ 2 dx+ / rot h x n ■ h dS — / \roth\ 2 dx, 



because rot h x n\s\ = and on S2 the equality (10th x n)^ = holds. Again, from Lemma ROl we have 



- / A6 ■ 9 dx = I rot rot 9 ■ 9 dx - / V div 9 ■ 9 dx 
Jn 



/ |rot 6»| 2 dx + / mt9xn-9dS+ / |div6»| 2 dx- / (0-n)div0dS 
Jn J s Jn J s 



and 



rot 9 ■ h dx = I roth - 9+ / 9 xn-hdS = / rot h ■ 9 dx 
n Jn Js Jn 



because of the boundary conditions (ll.3[U a. For the nonlinear terms the equalities 

/ v-Vh-hdx = -\ [ div v\h\ 2 dx + 1- [ \h\ 2 v ■ ndS = 0, 
Jn 2 J n 2 J s 

I vV9-9dx = -\ I divv\9\ 2 dx + \ f \9\ 2 v ■ ndS = 
Jn 2 J n 2 J s 

hold because of (jl.3|) i . Finally, integration by parts yields 

- / Vdiv6> • 9dx = [ |div6»| 2 da;- / div0(0 • n) dS = [ |div6»| 2 dx, 
Jn Jn Js Jn 

/ ■ hdx = — q div hdx + / q(h ■ n) dS — / /3/13 dS = 0, 
Jn Jn Js Js 2 

where to justify the last equality we use Remark 18.21 Now, adding both sides in (|8.ip and (j8.2[) and 
taking into account the above integration we obtain 



I 1 
2dt 



h 2 dx+ / 9 2 dx )+(v + v r ) / |rot/i| 2 da; + a / |rot 9\ 2 dx + (a + /3) / |div6»| 2 dx 
<» Jn J Jn Jn Jn 

+ Au r I 9 2 dx = - / h-Vv ■ hdx - / h ■ Vcj • 9 + Av T I rot h ■ 9 dx 
Jn Jn Jn Jn 



/ f, X3 -hdx+ / g, X3 ■ 9 dx =: V]4- 
Jn Jn k=1 
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h < ll^lk 8 ||V«|| i3{n) ||ft|| Ls( n) < ei||/i||! 6(n) + ^-||Vw||i a(n) ||ft||i 8(n) , 



We estimate every term on the right-hand side by the means of the Holder and the Young inequalities: 

1 

h < Nk(n)||Vu;|U 2( n)||% 6W < e 2 \\e\\l 6{n) + -^\\^\\l 2m \\h\\l 3(Q) , 
h < 4vr||rotfc|U a( n)||»|U 2 (n) < 4i/ P e 3 ||rot/i||£ a(n) + ^ll^lli 2 ( f2) , 
h < ||/,x 3 |U 6 (n)||/i||i 6 (a) < e5||^||l 6 (n) + j— ||/,x 3 ||l £ (n), 

h < H^xslUsCnjII^II^Cn) < e 6ll#lli 6 (Q) + j— llff^slligrn)- 

Now we set £3 = j. Then we estimate i/||rot /i||£ /™ fr° m below by ^ll^lljyi(n) ( see Remark I8.3f) and 
a(||rot6»||| 2(a) + |]div0||| 3(Q) ) from below by ^||0||ffi (n ) (see Lemma IO 9 ■ n\ s = 0). Next we set 



eicj = 65c/ = - — , e 2 ci = e 6 ci = - — . 

4cn 4c 



Summarizing, 



< ^l|VHlL(n)ll^lll 3( n) + ^llVc^llL^^ll^a) + ^]|/,, 3 llL m + ^k* 3 lll f ( o)- 
Multiplying by 2 and integrating with respect to t £ (to,ti) yields 

\\h(t)\\Ua) + \m)\\l 2m + f [ t \\Ks)\\ 2 Hlm ds + f [ t \\9(s)\\j llm ds 
/•t 



"TP / 1 ||V»(a)||i a (n)IIM*)lli,(n)d« + £ ^ fllVuOOII^n) H^)llL(n) ^ 

+ ■^■\\f,x 3 \\L 3 (to l tiLe(o.)) + ~ L \\9,x 3 \\ 2 L 2 ( to ,t-L 6 (n)) + II M f o) || | 2 (n) + ll#(*o)||f 2 my 



Next we estimate the left-hand side from below by 

v a 



mm 



.— - 1 f (ll ft Hy 2 °(o*) + ll 6, llv 2 °(^)) • 



In view of Lemma 18.11 we get that 



< 



min{a, v\ 



^D.wWII^IIi^Cto.t^sCn)) + 11/^3 llL 2 (t ,t;L 6 (fi)) + Hfl^s llz, 2 (i ,t;i e (fi)) 



+ IIM*o)ll + IIWII L 2 (fi)> 

which concludes the proof. □ 

Remark 8.5. In the above Lemma we used Lemma 16 .71 which implied that ^||0||#im) < a(||rot 0||| 2 (m + 
||div#||? foO- I n further considerations we need slightly different estimate. Since 



a||rot0||| 2(n) + (a + /?)||divC 2 (fi) > | (||rot0||i a(n) + f ||rot0||| 2(n) ) + f ||rot0||i, 3(f2) 
we infer from Lemma 16.71 that 

u\\™te\\ 2 L2{n) + (a + 0)||div0||! a (n) > ^\\0\\ 2 m{n) + |||rot0||i 2(n) . 

By the Poincare inequality (see Remark 17. 2p and by the interpolation inequality we obtain 

IWU 3 (n) < \\h\\l\\h\\l 6m <c I<P \\h\\ Him . 
Thus, (|8.3[) can be written in a following form 

Zr\\h\\ 2 m (cl) + fl|rot^||i 2(n) 



(/„" 2dI+ 









< CI 



^M^n) (l|V«||i a(n) + ||Vu,||£ 2(n) ) + ^||/, a3 ||! fi( n) + ^11^.111.(0). 
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Utilizing Remark 18.31 and multiplying the above inequality by leads to 

V||rot0||! 2(n) 

< c a , v , VrjI ^ n \\roth\\l 2{n) (||Vu||| 2(n) + ||Vw||^ (n) ^ 

+ Ca,v,v r ,I,Q. ^||/,x 3 lli|(n) + lls,z 3 llig(n)^ ' 

For now the above inequality seems to be useless, but later we shall see that it is necessary to obtain an 
estimate for h in V 2 (f2) (see Lemma P9 . 1 [) . 

Finally we present the last Lemma of this Section. 

Lemma 8.6. Let E v ^{t) < oo. Suppose that H^ll^^o.iiWn)) < °°- Assume that f = (fi, / 2 ) G L2(Q t ) 
and v(to) € iJ 1 (f2). Then 

||xlly 2 (o') < Ca^.,iy r ,i,p,nE Vtb j(t)\\h\\ Loa ^ ^-L 3 (n)) + c^rll/'II^Cn 4 ) + Ca,v,v r ,i,nE v ^{t) + \\v(t )\\ H i^y 

Proof. Multiplying (|7.3[) i by x ancl integrating over f2 yields 

^^7 / X 2 dx + (v + v r ) f |Vx| 2 da;= [ h 3 xxdx - [ h 2 v 3 , Xl xdx+ [ hxv 3tX2 xdx 
£ ctt Jq Jq Jn Jn Jn 

+ / F 3 xdx + 2v r / ((rotw) 2 ,xi - (rotcj)i, X2 )xda;. 
,/n in 

The first three integrals on the right-hand side we estimate in the same way by the means of the Holder 
and the Young inequalities: 

h 3 XXdx < ||/i3|U 3 (n)llxlli 2 (n)llxlli 6 (n) < ei||xlll 6 (n) + ^IIMf 3 (n)llxlll 2 (n); 



and 



h 2 v 3 ,x 1 X<ix < \\h 2 \\L 3 (a)\\v3,xi\\L 2 (n)\\x\\L e (a) < ^\\x\\l e (n) + ;^IIMl 3 (n) IK,*! ||| 2 (n)> 



hiv 3 , X2 x<ix < ||%||i3(a)||u3,x 2 |U 2 (n)||xlU 6 (a) < e 3 ||xllx, e (n) + ^IIMi 3 (n)IKa a Hi 3 (n)- 



In the last two integrals we first integrate by parts and then use the Holder and the Young inequalities. 
Note that the boundary integrals are equal to zero due to the boundary conditions for %. 



/ F 3 xdx = - I f 2 x,xi ~ /iX,x 2 dx+ f-ixni - /iX«2 dS 
Jn Jn Js 



1 .. .,„a 



< ||/'IU 2W ||V'x|U 2 (Q) < e 4 ||Vx||i 2( o) + T-ll/'l 



4e4 - -li a (n) 
and 



{{T0tu}) 2 , Xl - (rota;)i, 2:2 )xd.T = - / (rotw) 2 X,xi - (rotcj)iX,i 3 d£C 

Jn 

+ / (rotw)2X^i - (rot w) ixn 2 dS 



< \\{™tu>y\\ L2m \\V X \\L 2 (n) < e 5 ||V X || 2 L2( o) + ^||(rotw)'||| 2(n) . 



Since x\si = 0, we can use the Poincare inequality ||xlk 6 (n) < C/Hxllir^n) < cj,p||Vx||i a (n)- Hence, we 

V-\-l 

12^ 



put ex = 62 = 63 = ,» + iT r and 64 = 2i/ r e5 = * r • Then we see that 



1 d f ,2, , v + v r , ._ ., 



2dt /o ^^+— /wd* 



n 



3c 2 

< 



(ll^|lL C o)llxlll 2 (n) + IIMi.<n)R.Ji a <n) + IMIi.(n)ll«i 



+ ^ll/'lU + ^rl(«*»)'lW 
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Next we multiply by 2, integrate with respect to t G (to,t\) and use the energy estimate (Lemma 18. ip . 
It gives 

min {1, v + v r } Hxll yO(nt) 

< ^^"^Vt'^ 3 ^' (Hxlli-tn*) + + IK,j! 2( n*) 

To complete the proof we observe that ||x(to)||i 2 (f2) < ||'y(io)||if 1 (o)- D 

9. Higher order estimates 

In this Section we confine our attention to find estimates for v and ui in the norm of the space 
W 2 ' 1 (^ t ) in terms of data only. Of course we cannot expect such a result without an additional smallness 
assumption. Therefore we shall make use of 5(t) which was introduced (12.21) . We emphasize that the 
smallness condition does not involve L2-norms of the initial velocity and the initial microrotation fields. 
Below we briefly outline the reason behind that. 

The central aim is to estimate the nonlinear terms v ■ S7v and v ■ Vu in /^(fi*). To accomplish it we 
first consider the problem for h and seek for estimate of its solution in V^ 1 (0* ) . The estimate has a form 

(9-1) \\h\\v 2 un<) < c (cxp (||V«||| 2(t0it;L6(n)) ) + l) • S(t) 

(see Lemma P9 . 1 1) . Its direct consequence is 

Whhuto^HHn*)) < c (exp (|| Vu||| 2(t0)t . ie . (n)) ) + l) • S(t), 

which we use to bound ||/i'||i oo (i 0j t;i 3 (n)) by the means of the interpolation between L p spaces and the 
Poincare inequality. The reason becomes apparent if we take into account that the inequalities for 
||/i||yP(fi*) and Hxll v°(n*) ( see Lemmas 18.41 and I8.6p are dependent on that norm. Therefore we can write 

INv°(fi') + IMIy°(n*) < c (exp (||Vu[[£ a(t0)t;L8(n)) ) + l) • 5{t) + data. 

Applying the above inequality and (|9.ip and using the structure of the domain, which is a Cartesian 
product of two sets, we are able to estimate Vv in the norm V^ (SI* ) (see Lemma l9~2"j) . Since the estimate 
has the form 

||V«[[ y o (Qt) < c (exp (\\Vv\\ 2 L2(t0tt . L6m ) + l) • S{t) + data 

we finally write 

l|V«||yo ( n*) < data 

if only S(t) is small enough. The above inequality in connection with embedding theorem guarantees that 
the nonlinear terms can be estimated in the L2-norm with respect to f2* , thereby providing estimates for 
v and uj in W^' 1 ^*), which is demonstrated in Lemmas 19.41 and 19.51 
Let us now move on to th details of the proof: 

Lemma 9.1. Suppose that fs\s 2 — 0, g'\s 2 = an ^ £ L<i{t§, t; Lq(H,)). Let E VM {t) < oo and 
S(t) < oo. Then 

\\Hvj{&) < Ca,v,v r ,i,P,n (exp (|[V«||i 3(t0jt . i6(n)) + E 2 v u {t)^ + l) • 8{t). 
In the proof of the above Lemma, we use 

(9.2) ||fc||jr»(n) < c n ||A/i|| L2(n ), 
which we prove in analogous manner as in Remark 18.31 

Proof of Lemma Wl\ We multiply (|7.ip i by —Ah and integrate over f2, which yields 

(9.3) - / h lt ■ Ahdx+ {v + v r ) I \ Ah\ 2 Ax - I Vq-Ah&x 

Jn Jn Jn 

v -Vh ■ Ahdx + / h ■ Vv ■ Ah dx - 2v r I rot 9 ■ Ah dx - / f, X3 -Ahdx. 
Jn Jn Jn 
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For the first term on the left-hand side we have 
ft. + ,• A/i dx = / h t ■ rot rot h dx 



t:t- f \roth\ 2 dx+ f h t t ■ rot h x n dSi + f ti2,t (rot h) x — h%,t (rot h) 2 dS2 

= -— f Woth\ 2 dx 

2 at y n 1 1 



where the boundary integrals vanish due to the boundary conditions (|7.ip ^ a. 
The third term on the left-hand side in (|9.3[) is equal to 



/ rot • rot h dx + I 
io J Si 



Vq ■ rot rot hdx = / rot \7q ■ rot h dx + / Vq -Tothxn dS 



'1 



+ / q <X2 (rot - q tXl (rot h) 2 dS 2 = 0, 

which follows from the boundary condition (|7.1[h . Remark 18.21 and the assumption that /3|s 2 = 0. 

Consider next the first term on the right-hand side in (|9.3D . Since divw = we may integrate by parts, 
which yields 

f v-Vh-Ahdx< \\Vv\\ L6m \\Vh\\ L3m \\Toth\\ L2m + [ (v • V) h ■ (rot h x n) dS 
Jn Js 



< e lCl \\Vh\\l Hn) + 1| V«||i e(n) ||rot ft||i a(n) < eic/||/i||^2 (n) + ^-||V«||i 6(n) ||rotfc||i a(n) 

f 



< e^nA&HUn) + ^H|V<;||i 6( n)l|rot/i||i 2(n) , 
j_ 1 

where we used that ||V/i||i 3 (n) < ll^^lli 2 (n) ll^^llwn) — c -f II^^H-H" 1 ^)- The last inequality above is 
justified in light of 

For the second term on the right-hand side in (|9.3[) we simply have 

\\h\\L 3m \\Vv\\ Lem \\Ah\\ L2{n) < e 2 ||A/i||| 2(0) + ^||ft|U a( n)||/i|U 8 (n)||Vt;||i 6(n) . 
The third term is estimated as follows 

II A 1,11 D.. , II A Ul2 1 V r || — ^ ,3112 

2 (n)- 



2v r [ rotd-A/idir<2i/ r ||rotfl|| Za( n)||Afc|| i3( n) < 2*/ r e 3 || A/i||f 2(n) + i^||rot0||£ 
Finally, for the fourth term we have 

J f, X3 -Ahdx < \\f, X3 |U a( n)||Aft|U, ( n) < e4||Aft||| 3(n) + -^||/,«, llL(o)- 
Setting eicnj = £2 = £4 = f and £3 = 5 yields 
(9 - 4) Idl /j^^l'^ + ill^llL^^^ll^llL^llrot^IlL^ 

+ |;IWU^)IWl£6(fi)llVu||! 6( n) + ^||rot0||| 2(o) + |;||/,x3ll! 2 (n) 

< ^llVwIlL^llrotftlli,^) + ^||rot^||| 2(n) + ^\\f, Xs \\l a{sl) , 

where in the last inequality we used ||^||l 2 (si) II^IIl 6 (o) < c i ll^lllri(n) an( ^ subsequently utilized Lemma 
16.71 Next we add inequality (|8.4p (see Remark 18 . 5(1 . which leads to 

\ - Jjrot h\ 2 dx + ± ± h 2 dx + jf 9 2 dx) + iv||rot 9\\l 2 (n) + \ || Afc||i a(n) 

< II V V ||i a(n) ||rot ft||i 2(n) + ^||rot0||i 2(a) + ^\\f, Xs \\l a{sl) 

+ c a ^^ r j tPt n\\rot h\\ 2 L2 ^ ( || Vu||| 2 ( n) 

+ l|Vw||i 2(n) 



+ c.a,v,v r ,i,n ( ll/,s 3 lll|(n) + \\d,x 3 llig(n)) 
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Multiplying by 2 and integrating with respect to t e (to, t) yields 
(9.5) ||roU(*)[[i a(n) + ^IIM^)llL(o) + ^l|0(*)llL(n) + H^Hl^) 

6c/,o f „„ , m,2 || i. u f Ml 2 j , 3 n * i 'J 

k3IIl 2 (o*) 



- I H Vw ( s )llL(n)lkotM 5 )llL(o)d S + §||/. 

w -/to v 

v ,u f ,i,p,aj t (||rot/i(a)||i a(n) (||Vu(s)||| 2(n) + ||Vw(«)||£ a(n) 
+ Ca,j/,«/ r ,/,n ^ll/,a! S ||l a (t ,tii fl (n)) + \\9,x 3 \\ 



li 2 (i ,t;i 6 (n)) 

5 

+ l|rot/i(t )|lL(o) + ^IIM<o)||i a(n) + ^||f(to)||i a( n)- 
From the Gronwall inequality and the energy estimates (Lemma 18. ip it follows that 

;ie(0)) + C(t) 

' ( \\f,x 3 II L 2 (H*) + H/,iBslli2(to,t;ia(n)) + llfl , ,a: 8 ||i 2 (t D) t ; £ 6 (n)) 
\ 5 7! 

+ ||rot/»(t )|[i aC n) + H^o)llL(n) + ||0(to)||£ a (n, 

By the Holder inequality we write 

Il rot/l llioo(to,t;i2(n)) ^ Ccc, v , Vr ,i,p,aexv (||V«||| 2(t0it . ie(n)) + E% ttil (t)) 

ll/,«»llL(n*) + k*,||i 3( n*) + IM&(*o)||£ a (n) + ll^o)llL(o) + Wo) II/. ■ 
Putting the above estimate in (|9.5[) and using the Holder inequality yields 
¥oth(t)\\l 2{n) + u\\Ah\\ 

l 2 (n*) 

< c a , 1 , 1 ^ ) /,p,£2||rotft|||, oo(t0it . i2(n)) (||Vw||| 2(t0jt . if , (f2)) + ||Vu||i 3(nt) + ||Vw||| 2(nt) ) 

+ c m , Jt n (||/,* 3 |li 2 (fit) + Il9,x3ll! 2 (a t) + l|rot/i(t Q )||| 2(n) + ||/i(*o)||£ 2 (n) + ||0(io)||£ a( n) y 
In light of Remark 18.31 and (|9.2p we estimate the left-hand side from below by min{l, ^H^Hyi^Qtv Thus 

\\h\\v^ { n*) ^ c *^rJ,P,nexp(\\Vv\\l 2{to t . L6(n)) + E% tU (t)) ■ 5{t) 

■ (llV«|l! 2(t0 , t;i6(n)) + < w (*)) +Ca, v ,u r ,I,n8(t) 

An obvious inequality e x x < e 2x for x > ends the proof. □ 

Lemma 9.2. Let X ,h 3 € V 2 °(n*), /' = (/i,/ 2 ) 6 L 2 (Q*) and u(t ) £ Lf 1 ^). Let £„ )U) (i) < oo, 
Eh,e(t) < oo. Suppose that 5(t) is small enough. Then Vi> £ V 2 °(f2*) and the estimate 

\\^ v \\v°(Q*) < c a, v , Vr ,i,p,n (E VjU) (t) +E h:9 (t) + ||/'||l 2 (o') + IK*o)||jji(n)) • 

holds. 

Proof. Consider the problem 

V2,xi ~ v i,x 2 = X m fi'i 

vi lXl + v 2 , X2 = -h 3 in Q', 

v'-n' = on S[, 

where by SI' and S' we understand the sets fi n {—a < x 3 < a: x 3 — const} and S' = S% PI {—a < 2:3 < 
a: X3 = const}. For solutions to this problem we have estimates 

\\V'v(x 3 )\\i 2(n , } < cqi (\\ X (x 3 ) ||i 2(jy) + 11/13(^3)^ 

l|V'w(a;3)||ffi(o') < c fi' (lIxC^) llffi(n') + ll^3(a;3) llffi(n') 

Integrating both inequalities with respect to x 3 G (—a, a) ant taking the L 2 - and Loo-norms with respect 
to t € (to, ti) yields 

||V'w||^ )(ot) < ca> (lklly 2 o ( nt) + IIMv?(n«), 
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Using the estimate (see Lemma l8~4"|) 

IWIvo(fit) < Ca,u,i,n \E^ )U1 (t)\\h\\ 2 Loa ^ 0tt . L3 ^ +Ef l 9 (t)^J 

we obtain 

\\Vv\\ 2 v o {at) < c a , VtI , n (El u (t)\\h\\ 2 Loeit0:t . L3m +£g ifl (t)) 

+ (^,v r ,a,nj,pE VlU (t)\\h\\ L ^ t0}t . L3 ( Q ^ + Cu,u r \\f'\\ L2 ^) + c a,u, Vr j,nEl^{t) + ||u(to)||ij-i(n)- 

The interpolation and the Poincare inequalities (see Remark 17. 2p imply that 

i i 

\\ h \\Lao(to,f,L 3 (n)) < ll^ll£ oo ( t0 , t ;I, 2 (Q))ll ft 'lli oo (t ,t;Z, 6 (Q)) < Cl,p\\h\\ Loe ( t0lt . H i(Cl)). 

From Lemma l6.2l we infer that 

l|V«||i 2 (t , ti i 8 (n)) < cz||Vu|| v o(nt). 

Finally 

\\Vvf v o {at) < c tt)I/ , 1VlJ ,p,n^(t) (exp (||Vv||^ (n4) + + l) • S(t) 

+ E 2 v Jt) + El >e (t) + \\f'\\l 2{nt) + \\v(t )\\ 2 HHn) . 

Taking 6(t) sufficiently small ends the proof. □ 

Remark 9.3. From the above Lemma two natural embeddings follow (see Lem. 3.7 in Zaj04|). In view 
of Lemma T6. 21 we see that Vv e L g (to, t; L p (Sl)) and 

||V«|[ ig ( to ,t ;jC , p (n)) < c/||V«|[ y o (nt) 
holds for p, q satisfying | + | = | . Setting p — q we get ~ = | •<=>■ p = ^ . Hence 

||V«|| iia (n«) < cj||Vu|| v o( fi t). 
From the Sobolev embedding lemma we know that W}(to) c — > L 3p (0) for p < 3. Thus, 

\\v\\L v (t ,t;L 3p («)) < C/||Vu|| L<j(t0it . Lp(o)) < C/||Vi;|| y o (nt) 

3-J> 

for ^ + ^ = |. Let r = -r 2 - and o = r. Then p = ^- and 

3 2 3 3+r 2 3 

- + - = - e> + - = - r = 10. 

p q 2 r r 2 

Hence 

klUio(o') < cj||Vu|| v o( n *). 

Lemma 9.4. Lei E VjU1 (t) < oo and Eh,e(t) < oo. Assume that f,g e 1^(0*), u(to),w(to) £ i? 1 (il). 
Then, for S(t) sufficiently small u> € Wg' (Q*) and the inequality 

IMIwJ.^n*) ^ c a,^,^,/,P,f2 {E v ,u{t) + E hfi {t) + ||/'|| L2 (f2t) + \\v(t Q )\\ H i (n) + ||w(to)||tfi(n) + l) 3 
holds. 

Proof. Let us rewrite (jl.ip ? and (|1.3p in the form 

u) t t — aAuj — /3Vdivw 

= — v ■ Va; — \v r uj + 2f r rot v + g 

cj = onS^, 

u/ = 0, w 3,k 3 =0 on 5*2, 

w| t=to = w(*o) in Slx{( = t }- 

Then, from Lemma 16.91 it follows that 



in O*, 



(9.6) \\uj\\ w 2,i (nt) < c n (\\v ■ Vw[[ i2 (nt) +4^||w|| L2(ot) + 2iv||rotu||z, 2 (n*) 

+ NU a (n*) + \\u(t )\\m(n))- 

From the Holder inequality we get 



l« ' Vw|| ij( nt) < cz||u|| ilD (n*)||Va;|| iB (nt). 
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To estimate ||Vw||i 6 (n*) we use the interpolation theorem (see Lemma l6.1[) with p = 2, q = |. It gives 

2 

l|Vcj|| L , ( ot) < cie'\\u)\\ W 2^ nt) +c 2 e-2\\u)\\ L2 (n t) . 
Setting c l£ 5 = yields 

ll« • VwHi^n*) < dM]^,^ + 2ciC2C/||u||| lo(nt) ||a;||i 2(n «). 



To estimate the second and the third term on the right-hand side in (|9.6p we observe that ||w||i, 2 (fi*) < 
H w llL 2 (o,t;H 1 (r2)) ail d use Lemma fSTTT Finally, the inequality 



IMIw!' 1 ^') 



< c m ,j, P ,n(E 3 v Jt) +El e (t) + ||/'||| 2(nt) + ||«(to)||ii ( n) 

+ E VtU) (t) + \\g\\ L2 (w) + ||w(to)||iji(n)Y 

holds, which ends the proof. □ 

Lemma 9.5. Let E VM (t) < oo, E h , g (t) < oo. Assume that f e L 2 (fl t ), v(t ) £ ff x (f2). TViera /or <5(t) 
sufficiently small v £ W 2 ' 1 (Q, t ) and 

\\ v \\w* A (nt) + II v pIIl 2 (o') < Ca,,,,^,/,?,!) {E v ^(t) + E ht e(t) + ||/'|U 2 (n*) + \\v{t )\\m(a) + l) 3 • 

Proof. Let us rewrite QLlfl i . (| 1 .3[) i 9 and (|1.4[) in the following form 

v .t ~ {v + v r )Av + Vp — —v ■ Vu + 2v r rot w + / in f2 , 

divv = in fi', 

v • n = on £*, 

rotv x n = on5', 

f U=i = u(*o) on O x {£ = t }. 



For solution to the above problem we have the following estimate (see Lemma 16.111) 

(9-7) \M W 2,i {nt) + |[Vj?|| La (fit) < c a (\\v ■ Vw|| i3 ,(n*) + ||rotw|| ia (nt) + ||/||i 2 (n*) + IK*o)llffMn)) • 

To estimate the first term on the right-hand side we use Lemma 19.21 which implies that for 8(t) small 
enough we have 

IMUio(n') < Ca,v,u r ,i,p,n (E v<ul (t) +E h>e (t) + ||/'||l 2( o') + ll"(*o)llfr 1 (fJ)) • 
Subsequently, from the Holder inequality we get 

IK Vv|| L2(ot) < cz||w|| ilo( n*)||Vu||i, £ (n*). 

2 

To estimate |]Vu||^ 6 (n*) we use the interpolation theorem (see Lemma l6.1[) with p = 2, q = |. It gives 

2" 

l|Vv||z, 5 (n*) < cie^\\v\\ w 2,i (nt) +c 2 e-i\\v\\ L2{Qt) . 
Setting c ie ^ = 2cilH f Lio(ut) yields 

||« • V«||i 2 (n«) < ^IMIwf 1 ^') + 2c i c -2Ci\\v\\l lo{nt) \\v\\ L2{nt) . 
To estimate the second and the third term on the right-hand side in (|9.7p we use Lemma lB.il Finally 

(<„(*) + Bg.flW + ll/'llLcn*) + IN*o)|| 
This concludes the proof. □ 
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10. Existence of solutions 

Now we prove the existence of regular solutions. The proof is based on the fixed-point principle (see 
Lemma Rail)) and makes use of the inequalities we derived in previous Sections. 
First we rewrite (jl.ip in following way 

v,t — {y + v r )Av + Vp — -A (v ■ Vv + 2^ r rotoj) + / in fi*, 
divu = in fi*, 

U) t — oAw — 8 V div u) + Av r u 

, /- „ — \ in tt\ 

= —A (v • voj + 2v r rot v) + q 

(10.1) 

rot v x n — 0, t> • n = on S , 

cj = on St, 

J = 0, ^ 3 ,x 3 = on S\, 

v\t=t = v(t ), Lo\ t=to = u(t ) on fi x {t = t }. 

where A 6 [0,1] and v, Co are considered as given functions. 
Let us introduce space 

2rt(fi*) := {u: ||u|| z ^(n*) < oo, \\Vu\\ L ^ m < oo} . 
Problem (jlO.ip determines the mapping 

$: ajt(fi*) x jot(n*) x [o, i] -> art(n*) x 

$(w,w,A) = 

In Section Owe found a priori estimate for a fixed point of <I> when A = 1 (see Lemmas 19.51 and 19.41) . For 
A = we check if the uniqueness of solution is ensured. 

Lemma 10.1. Suppose that A = 0. Then, problem (jlO.ip possesses a unique solution. 

Proof. Let (v 1 ,^ 1 ) and (u 2 ,w 2 ) be two different solutions to (|10.1[) . Then, the pair (V, 9), V = v 1 — v 2 . 
9 = uj 1 — uj 2 is a solution to the problem 



(10.2) 



V t - (v + v r )AV + VP - 


= 


in n\ 


div V = 




in Vt\ 


9, t -aA9-,3Vdiv9-f 


- Av r Q = 


in O, 


rot V x n — 0, V ■ n 


= 


on S 1 *, 


6 = 




on S{, 


e' = 0, Q 3 , X3 = 




on S**, 


V\ t=to =0 : 9| t=t0 = 





on O x 



where we set P = p 1 — p 2 . Multiplying the first equation by V, the third by 9 and integrating over fl 
yields 

- [ |^| 2 + |9| 2 da;-(^ + ^) f AV-Vdx~a [ A9 • 6 dx - 8 [ Vdiv9-9dir 



From Lemmal6.4l it follows 



vp-vdx + 4u r \\e\\i a(n) =0. 



AT/-ydx= / rotrotF-T/dx= / |roty| 2 dx+ / rot V x n ■ V dS = ||rot V||£ (n) , 

A9-9dx = / rot rot 9 ■ 9 da; = / |rot9| 2 da;- / 9 x n ■ rot6dS = ||rot6||| 2(n) , 
q Jn Jn Js 2 

where the boundary integrals vanished due to (|10.2[U r k. Integration by parts yields 

- f Vdiv9-9d.x = f |div9| 2 d.x- f div 9(9 • n)dS = ||div9|| 2 2(n) , 
Jn Jn Js 



22 BERNARD NOWAKOWSKI 

where the boundary integral also vanishes due to (|10.2[U «. Thus 

^|y| 2 + |6| 2 d a : + ^ + ^)||rot^|| 2 + a(||rote||i 2(n) + ||dive|| 2 L2(a) ) +/3]|dive||f 3(fi) 



■4^||e|| 2 2(0) =0. 



= 0. 



After integrating with respect to t G (to,ti) we obtain 

lin*)ll! 2( n) + II0WIIL ( O) < \\v(t a )\\l 2{n) + ||e(t )||! 2( o) 

Thus, we have proved the uniqueness. The existence of solution follow from Lemmas 16.91 and 16.111 This 
ends the proof. □ 

Next we show that $ is a compact and continuous mapping. 

Lemma 10.2. The mapping $ is compact and continuous. 

Proof. Assume that v £ 9Jt(fi'). Then 

\\v- V«[[ ia(n *) < ll^||i^(n')]]Vu|| i2o(fit) < ||e||^ (nt) . 

In the same way we get that 

\\v ■ Vw|| i2 (nt) < ||w||L 20 (o')||Vw|| L2o(nt) < ||v|| OT (q*)IMIot(q*)- 

"3" ~T 

In view of Lemmas 16.91 and 16.111 we get that the solution to (jlO.ip belongs to W 2 ' (0*). From Lemma 
16.11 we deduce that the embeddings 

w^itf) L ¥ (n*) & k = 2 - 5 (\ - J-) = \ > 0, 



x 2 20 / 4 

(10.3) v 7 
^> 1 (Q')^L ¥ (0,t;^)^K = 2-l-5Q--J = ~ >0 

are compact. This proves the compactness of $. 

In order to prove the continuity we consider problem (|10.1[) in a form 

v\ - [y + is r )Av k + Vp k 

, b b IN 111 ^ ) 

= -A (w fe • Vw fc - 2z/ r rot w fe ) + / 
c/ t - a Aw - /3V div w fc + 4z/ r w fc 

/ b b IX in fi ) 

= -A [v k • Vw fc + 2^ r rot v k ) + g 

(10.4) divu fc =0 infi*, 
rot u fe x n = 0, v fc • n = on 5*, 
w fc =0 onSj, 
(c/)' = 0, w*^ = on Si 

v k \ t =t = v(t ), u k \ t=to = w(t ) on flx{t = t }, 

where k = 1,2. Let 

V" = w 1 -w 2 , P = p 1 ~p 2 , 9=w 1 -a; 2 . 
Then (V, O) is solution to the problem 

V, t - {v + i>r) + VP = -A (V • Vw 1 + u 2 • + 2^ r rot 6) in 17*, 
div 7 = in ft 4 , 

e, t - aAe - /3v div e + Av r e 

= -A (w 1 • V0 + V ■ Va) 2 + 2u r rot V") m ^ ' 

rot^xn = 0, V-n = on S\ 

9 = onSf, 

9' = 0, 6^3=0 on St, 

V\ t=to =0, e| t=to =0 onOx{( = („}. 

Assume that A ^ 0. Then the estimates 

||y|k(fi*) < cn\\V\\ w ,,i m < c n X (\\V ■ Vv 1 +v 2 -VV + 2v r rot e|| La(n *)) 
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and 

||©||a>t(n*) < cn\\Q\\ W 2,i (nt) < coA (Wv 1 • V6 + V ■ VCd 2 + 2v r rot V\\ La{n *)) ■ 

follow from Lemmas 16.111 and 16.91 Next we add both inequalities and utilize the Holder inequality. This 
yields 

W\mw) + ll©lk(fi*) < c w „A,n(||V'IU a o(n*)||Vi; 1 ||L Jo( nt) + ||« 2 ||L M (^)||W|| LM(ot ) 

\ 3 7 3 7 

+ ll« 1 |U f (n*)||Ve|U^ (n *) + \\V\\ L ^ ( a*)||Vw 2 || i¥(ot) + ||rot Q\\ Lam + ||rotF|| i2(n *)). 

Thus 

+ II©IIot(o*) < c Mr , Al n(||V'||!Dt(n*) + l|0|k(Q')) ' (llV^H^n*) + ||« 2 |U^(n«) 

+ II^IU.o (nn + l|VcS 2 || L20 (nt) + ||rote|[ ia(n *) + ||rotF|| i2(fit) ) . 

In view of (|10.3p and Lemmas 19.41 19.51 and 18.11 we can estimate all norms in the last bracket in terms of 
data only. This observation results in the following inequality 

||V"||ajt(n*) + ||0||<m(n 4 ) < Cy ri A,n,dataf||V"||g3t(n*) + ||0]]ajt(;n*)J) 

where Cdata indicates the dependence on the data. It proves the uniform continuity of $. The continuity 
of $ with respect to A is evident. This end the proof. □ 



Lemma 10.3. Let E v ^(t) < oo, E h _ e (t) < oo. Assume that f,g G L 2 (ft*), v(to),u)(to) G ff^ft). Then, 

f'^xWf 



for S(t) small enough problem admits a solution (v,uj) G W 2 ' (ft*) x W 2 ' (ft*) such that 



\\ v \\w^{w) + II v pIU 2 (o*) < Cc^^.j.p.n (X,u)(i) + + ll/'IU 2 (^) + HHMIIff 1 ^) + l Y 

and 

(E v , u (t) + E h ,e(t) + ||/'IU 2 (n*) + Mt )\\m(n) + \\u(to)\\w(n) + l) • 

Proof. Lemmas 110.31 and 110.21 ensure that the assumptions of the Leary-Schauder theorem (see Lemma 
16. 3p are met. Hence, we obtain the existence of solution (v,u>) G W 2 (ft*) X W 2 (ft*) and by Lemma 
16.111 also the existence of Vp G £2(0*). The estimates follow from Lemmas 19.41 and 19.51 

□ 

11. Uniqueness of regular solutions 

In the previous Section we have proved the existence of regular solutions to problem (jl.ip . Now we 
would like to ask about their uniqueness. Like for the ordinary Navier-Stokes equations, the answer is 
positive (see Lemma below). 

Lemma 11.1. Suppose that 5(t) is small enough. Then, problem (jl.ip admits a unique solution. 

Proof. The proof is straightforward and is based on the Gronwall inequality for difference of solutions. 

Let (v 1 ,^! 1 ) and (v 2 ,ui 2 ) be two different solutions to problem (jl.ip . Let us denote V = v 1 — v 2 , 
9 = uj 1 — u) 2 and P — p 1 — p 2 . Then, the pair (V, 0) is a solution to the problem 



(11.1) 



V t -(v + u r )AV + VP = —V ■ Vv 1 - v 2 ■ W + 2i/ r rot6 in ft*, 

divU = in ft*, 

e. f - aAQ - /3V div 6 + 4z/ r 6 

, „ in ft*, 
= -v 1 -VQ - V ■ Vw 2 + 2v r rot V 

rotUxn = 0, V-n = on 5*, 

6 = on S\, 

& = 0, e 3 ,x 3 =0 on s\, 

V\t= to =0, 6|t=t =0 onftx{i = i }. 
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Now we multiply the first equation by V and the third by O. Next we integrate and since V and O satisfy 
the boundary conditions (|1.3|) and the assumption (A) from Lemma ROl we easily see that 



1 d 
2dt 



\v\ 2 + \efdx + (v + v r )\\votv\\l 2m + a (||rote[[^ (n) + ||div e||| 2( ^ 

+ /3||dive||i 2(0) +4^||e||i 2(0) 

= - / V -Vv 1 -Vdx + 4v r [ rotV"-6dx+ / V ■ Vw 2 • 8 dx. 
Jn Jn Jn 



From the Holder and the Young inequalities it follows that 

L,il»ill' L j( i>i- 



Jj-Vv'-Vdx^ ex\\Vf La{Q) + ^llV^HLfmll^ll? 



Av r J rotV ■ Qdx < 4^ r e 2 ||roty||^ 2(a) + — 1|6| 



L 2 (n)> 



f 



V ■ Vw 5 * • Qdx < e 3 \\V\\l e{n) + ^||Vu; 2 ||i 3(n) ||e||| 2(n) . 
Now we set 62 = \ =>• ^ = 4z/ r and utilize Lemma 16.71 which implies that 



2 



^\\V\\m m <v\\™tV\\ L2{n) . 



From the embedding H 1 <-} L$ and for t\ = 63 = 4c ^ e we deduce that 



\d%h v ? + \ Q \ 2dx + ^ otv \\l m < cj f (liv« 1 ||i 8(n) ||y||i a(n) + l|v w 2 ni 3(0) ||e||i 2(n) 

From the Gronwall inequality we infer that 

sup (lin*)ll! 2( n) + l|0(*)ll! 2 (Q)) 

< c^exp (WVv^l^M-Mn)) + l|V^ 2 ||! 2(t0iti;i3(n)) ) (|W*o)||i a(n) + [[e(io)||£ a(n) ) . 
Since H 2 (fl) ^ W£{fl) ^ W£(£l) we see that 

ll Vwl HL(to,ti;£»(n)) ^collu 1 !!^,!^, 
ll Vw2 |li 2 (to,ti;L 3 (n)) < c n||w 2 ||^,i (ot3 . 

which justifies that the right-hand side is finite. In our case V(to) = 6(to) — 0. This implies that 
V(t) — Q(t) = 0, which proves the uniqueness of solutions. □ 

12. Proof of Theorem 1 

Proof of Theorem [7J The existence of solutions follows from Lemma 110.31 whereas uniqueness from 
Lemma 111.11 □ 

13. Final remarks 

We emphasize that the proof of the existence of regular solutions is free of constants that depend on 
time. As it can be regarded as a proof of global in time regular solutions because there are no restriction 
on t. If we have a solution on (0, t) we can always extend it to (0, t+1). But we cannot simply put to = 0, 
t\ = 00 because we would be confronted with improper integrals with respect to time. Among other things 
we adopt another approach which will allow us to consider the interval (0, 00) but we demonstrate it in 
forthcoming paper. 

The author wishes to express his thanks to Professor Wojciech Zajaczkowski for many stimulating 
conversations during preparation of this work. 
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